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Casimir effect for tachyonic fields
Marcin Ostrowski∗
Department of Theoretical Physics, University of Ło´dz´, ul. Pomorska 149/153, 90-236 Ło´dz´, Poland
In this paper we examine Casimir effect in the case of tachyonic field, which is connected with particles with
negative four-momentum square (m2 < 0). We consider here only the case of the one dimensional, scalar field.
In order to describe tachyonic field, we use the absolute synchronization scheme preserving Lorentz invariance.
The renormalized vacuum energy is calculated by means of the Abel-Plana formula. Finally, the Casimir energy
and Casimir force as the functions of distance are obtained. In order to compare the resulting formula with the
standard one, we calculate the Casimir energy and Casimir force for massive, scalar field (m2 > 0).
I. INTRODUCTION
Tachyons are hypothetical particles which move faster than
light. Recently, a number of papers was published, suggesting
that tachyons can play a role in cosmology, as well as in neu-
trino physics [1, 2]. In order to describe the kinematics of this
kind of particles, formalism based on the absolute synchro-
nization scheme should be used. Now, we briefly describe
main results related to the absolute synchronization scheme.
Derivation of these results and exhaustive description can be
found in [3, 4].
The main idea is based on the well known fact, that the
definition of the time coordinate depends on the procedure
used to synchronize clocks. Furthermore, the form of Lorentz
transformations depends on the synchronization scheme. In
absolute synchronization a new concept, the preferred frame
arise. It is intimately connected with tachyons [5]. Possibly,
this distinguished inertial frame can be identified with cosmic
background radiation frame.
In the formalism presented here, the transformation of co-
ordinates between inertial frames takes the following form:
x′(u′) = D(Λ,u)x(u), (1)
where Λ is an element of Lorentz group, u is the four-velocity
of the preferred frame, and D(Λ,u) is a matrix depending on
Λ and u.
Transformation law for the four-velocity of the preferred
frame, which follows from Eq. (1), is defined by
u′ = D(Λ,u)u. (2)
Matrix D(Λ,u) for any rotation R is given by
D(R,u) =
(
1 0
0 R
)
, (3)
while for the boosts w it takes the form
D(w,u) =
( 1
w0 0
−w I+ w⊗wT
1+
√
1+w2
− u0w⊗uT
)
, (4)
where w is the four-velocity of the system x′ with respect to
the system x. Hence, in the absolute synchronization scheme,
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we get the Lorentz transformation law for time coordinate in
the form
x′0 = x0/W 0. (5)
So, in the absolute synchronization scheme, time coordinate
x0 is only rescaled by some positive factor 1/W 0. It is the
most important property, which leads to preservation of the
absolute causality.
The transformation law for velocities in the absolute syn-
chronization scheme, derived from Eqs. (1), (2) and (4) is
given by
v′ =W 0
[
v+W
(
Wv
1+
√
1+W2
− u0uv− 1
)]
. (6)
Contrary to the standard procedure of synchronization, the
transformation law (6) is well defined not only for sublu-
minal velocities but also for superluminal. It is continous,
and does not produce ‘transcendental’ tachyons moving with
|v|=∞. This property and preservation of absolute causality
make absolute synchronization scheme useful for description
of tachyons.
The line element ds2 = gµν(u)dxµdxν is invariant under
Lorentz transformations if the covariant metric tensor is ex-
pressed as follows:
gαβ (u) =
(
1 u0uT
u0u −I+u⊗uT (u0)2
)
, (7)
where u=(u0,u) is four-velocity of the preferred frame. Con-
travariant metric tensor is given by
gαβ (u) =
(
(u0)2 u0uT
u0u −I
)
. (8)
In the case of tachyons, square of the four-momentum
kα kα =−m2, (9)
leads to the dependence of the energy k0 on momentum
(k1,k2,k3) = k in the form
k0 = (u0)−1
[
−uk+
√
(uk)2 +k2−m2
]
, (10)
whereas contravariant energy k0 is
k0 = u0
√
(uk)2 +k2−m2. (11)
2Sign of k0 is positive and Lorentz invariant not only for mas-
sive particles but also for tachyons. Values of momentum k
fulfil the condition in the form
k2 > m
2
1+(uk/|k|)2 . (12)
Values of k lie outside of the oblate spheroid with half-axes
m, mu0 and with the symmetry axis parallel to u.
A more exhaustive discussion of the absolute synchronisa-
tion scheme in the language of frame bundles is given in [4].
Another appllications in physics can be found in [6] (EPR cor-
relations) and [7] (thermodynamics).
II. ONE DIMENSIONAL TACHYONIC FIELD
The quantum description of free tachyonic field was given
in [3].
In this article we consider only scalar field in one space-
dimension. In this case Eqs. (10) and (11) take the form
k0 =(u0)−1
[
−u1k1 + 1u0
√
k21− (u0m)2
]
, (13)
k0 =
√
k21− (u0m)2. (14)
Whereas the condition in Eq. (12) reduces to
k21 >
m2
1+(u1)2 ,
which, with the help of the identity (1+ u12)(u0)2 = 1, leads
to the condition
k21 > (mu0)2. (15)
The Lagrangian density of the scalar field can be written in
the following form:
L= 12(gαβ ∂α φ∂β φ +m2φ2) =
= 12
[
(u0)2(∂0φ)2 + u0u1(∂0φ∂1φ + ∂1φ∂0φ)+
− (∂1φ)2 +m2φ2
]
, (16)
and canonical momentum is
pi =
∂L
∂ (∂0φ) = (u
0)2∂0φ + u0u1∂1φ . (17)
Hamiltonian density is given by
H= 1
2
[
(u0)2(∂0φ)2 +(∂1φ)2−m2φ2
]
. (18)
Scalar field in one dimension is represented by the operator:
φ(x,u) = 1√2pi
∫
dµ(k)(eikxa+(k)+ e−ikxa(k)), (19)
where dµ(k) is an invariant measure defined by
dµ(k) = dk0dk1Θ(k0)δ (k2 +m2) = dk0dk1
δ (k0−ωk)
2ωk
,
(20)
while the coefficient ωk is given by
ωk =
√
k21− (u0m)2. (21)
By means of (20), the Fourier decomposition of the field
φ(x,u) takes the form
φ(x,u) = 1√
2pi
∫
Γ
dk1
2ωk
(
eikxa+(k1,u)+ e−ikxa(k1,u)
)
, (22)
where the integration range Γ is determined by Eq. (15).
III. CASIMIR EFFECT FOR TACHYONIC FIELD IN THE
PREFERRED FRAME
Now, let us consider the one dimensional, scalar, tachyonic
field in the limited region of length a (Fig. 1) with Dirichlet
boundary conditions:
φ(x0,0) = φ(x0,a) = 0. (23)
In the frame moving relative to preferred frame, energy of
the particle Eq. (13) is not an even function of momentum k1.
Hence, two waves which form the standing wave (and moving
in different directions) have different length and speed. This
fact causes some difficulties in calculations. In order to avoid
these difficulties, in this section only Casimir energy in pre-
ferred frame (u0 = 1) is computed.
❛ ❛
✲ x1
0 a
FIG. 1: One dimensional field.
Taking into account the boundary condition Eq. (23) we ob-
tain the Fourier expression of the operator φ such that
φ(x0,x1) = i√
a
∑
k2n>(mu0)2
sinknx1
2ωk
[
e−ik0x
0
a+n − eik0x
0
an
]
,
(24)
where kn = pin/a. The summation in Eq. (24) is over every n
which fulfill condition (15). Operators an and a+n are annihi-
lation and creation operators which satisfy well known com-
mutation relations:
[an,an′ ] = [a
+
n ,a
+
n′
] = 0, (25)
[an,a
+
n′
] = 2δn,n′ωn. (26)
Hamiltonian of tachyonic field (in preferred frame) can be ex-
pressed as
H =
1
2
∫ a
0
dx
[
(∂0φ)2 +(∂1φ)2−m2φ2
]
. (27)
3On inserting operator φ from Eq. (24) with its derivatives into
Eq. (27) and integrating with respect to variable x1, we find
H = ∑
k2n>m2
1
16 ω
−2
k (k
2
0−m2 + k2n)(a+n an + ana+n ) =
= ∑
k2n>m2
1
8(a
+
n an + ana
+
n ), (28)
If we calculate vacuum energy as an expectation value of H,
we get
E = 〈0|H|0〉= 12 ∑
k2n>m2
√
k2n−m2, (29)
where |0〉 is a vacuum state, defined by equation an|0〉= 0. It
is well defined and stable state (See [3]).
If we compare Eq. (29) with Eq. (13) we can see that the
vacuum energy is equal to the sum of energies of each mode
which satisfies boundary conditions and condition (15).
After changing the limits of summation, Eq. (29) can be
written as
E(a) =
∞
∑
n=n0
√(
pin
a
)2
−m2, (30)
where n0 = [ma/pi ]. (Function [x] gives the smallest integer
greater than or equal to x.) The range of summation depends
on the parameter a. When it increases, the more low frequen-
cies are rejected by function [ ].
When a goes to infinity we have
∞
∑
n=n0
√(
pin
a
)2
−m2 a→∞−−−→ a
pi
∫ ∞
n0pi
a
dk
√
k2−m2 =
=
a
pi
∫ ∞
m
dk
√
k2−m2. (31)
The last stage follows as a result of obvious equation
limx→∞[x]/x = 1.
The vacuum energy (Eq. 30), also in the case of tachyonic
fields, is infinite. Therefore we introduce the renormalized
‘Casimir energy’ as a difference between vacuum energy in
the two configurations shown in Fig. 2. Parameter L is the total
length of considered region. In this case the Casimir energy is
a L− a L
E1 E2 E3
FIG. 2: Two configurations of boundary conditions.
defined by
Ec(a) = lim
L→∞
(E1(a)+E2(L− a)−E3(L)). (32)
In order to calculate energy E1 we use Eq. (30), while energies
E2, E3 should be calculated with the help of Eq. (31). Hence,
Ec(a) =
=
( ∞
∑
n=n0
√(
pin/a
)2−m2− a
pi
∫ ∞
m
dk
√
k2−m2
)
. (33)
Introducing parameter λ = am/pi and introducing the new
variable of integration n = ak/pi we get
Ec(a) =
pi
a
( ∞
∑
n=n0
√
n2−λ 2−
∫ ∞
λ
dn
√
n2−λ 2
)
, (34)
where n0 = [am/pi ] = [λ ].
To compute the expression mentioned above we use the
Abel-Plana formula
∞
∑
n=0
f (n)−
∫ ∞
0
f (n)dn = 12 f (0)+ i
∫ ∞
0
dt f (it)− f (−it)
e2pit − 1 .
(35)
This formula is often applied in renormalization problems. Its
applications and generalizations can be found in many works.
For example, we mention here [9, 11].
We can write Eq. (34) in following form:
Ec(a) =
pi
a2
[ ∞
∑
n=0
√
(n+ n0)2−λ 2+
−
∫ ∞
0
√
(n+ n0)2−λ 2dn−
∫ n0
λ
√
n2−λ 2dn
]
. (36)
Furthermore, applying of the formula (35) we finaly get
Ec(a) =−pi
a
×
[√
2
∫ ∞
0
dt
√√
(n20−λ 2− t2)2 + 4n20t2− n20 +λ 2 + t2
e2pit − 1 +
+ 12 λ 2 ln
(n0 +√n20−λ 2
λ
)
+ 12(n0− 1)
√
n20−λ 2
]
. (37)
The numerical computation of the expression (34) are shown
in Figs 3-6.
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FIG. 3: Casimir energy of tachyonic field as a function of mass m,
corresponding to a = pi .
The Fig. 3 shows the Casimir energy (Eq. 34) as a function
of mass m. Presented curve corresponds to distance a = pi
and u0 = 1. We obtain here the function piecewise differen-
tiable, the points of indifferentiability are for integer values of
parameter λ . This discontinuity of derivative is related to the
existence in expressions discontinuous parameter n0 = [λ ].
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FIG. 4: Casimir energy of tachyonic field as a function of the distance
a, corresponding to m = 1.
The Fig. 4 shows Casimir energy (Eq. 34) as a function
of the parameter a (Recall that a is the distance between two
points where φ vanishes). The presented curve corresponds to
m = 1 and u0 = 1 (preferred frame).
Since the dependence on m enters to the expression (34)
only through parameter λ , therefore for other values of m the
Casimr energy function will have the same character, only its
horizontal and vertical scale will change.
2 4 6 8 10 12 a
-2
-1
1
2
Fc
FIG. 5: Casimir force for tachyonic field as a function of the distance
a, corresponding to m = 1.
The Fig. 5 shows Casimir force as a function of the distance
a, in preferred frame (u0 = 1) for m = 1. The Casimir force is
defined by (F = −dEc/da). For F > 0 the force is repulsive,
while for F < 0 force is attractive.
Energy as well as the force (Figs 4, 5), shows quasioscilla-
tory behaviour and changes sign many times. Force is not a
differentiable function of length. There are some ‘jumps’, re-
lated to the restriction for the momentum of particles (Eq. 15).
The field in a finite length a, is composed of modes, which
correspond to the momenta kn = pin/a (Eq. 24). These mo-
menta decrease with the increasing of distance a until they
cease to satisfy condition (15) and ‘fall out’ from the energy
expression.
Period of the observed quasioscillations is equal to pi/m and
for masses of particles greater than 1eV has microscopic mag-
nitude. Hence, for longer distances a (λ >> 1) quasioscil-
lation might be weakly observable. So, we examine slow
changeable component of the Casimir energy, after averaging
its values in single periods.
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FIG. 6: Casimir energy after averaging oscilations.
The Fig. 6 shows slow changeable component of Casimir
energy (as a function of λ parameter). Numerical calculations
show, that presented function behaves like the power function
cλ α where α =−0.5.
To test the solutions presented on Figs 3-6, we have com-
puted expression in Eq. (34) by three other methods, which are
not presented here. There were among others: the method of
zeta function and the method of generalized Abel-Plana for-
mula. All gave the same results.
We realize that the results pressented above seem strange.
Nowadays, tachyons are still hypothetical objects. Maybe it
is another reason which causes that tachyons does not exist.
However, this question is still open.
IV. CASIMIR EFFECT FOR MASSIVE FIELD IN THE
PREFERRED FRAME
In this section we calculate Casimir energy in the case of
the massive field (m2 > 0) using the absolute synchronization
scheme. Our purpose is the comparison of the results obtained
in previous paragraph for tachyons and the well known ones
for massive particles [8, 9, 10]. Analogously as on last section
we consider only one dimensional, scalar field.
The formula on the square of four-momentum for massive
particle
kαkα =+m2, (38)
leads to the following dependence of the energy k0 on momen-
tum k:
k0 = (u0)−1
[
−uk+
√
(uk)2 +k2 +m2
]
. (39)
Lagrangian density of field can be written as
L= 12 (gαβ ∂α φ∂β φ −m2φ2) =
= 12
[
(u0)2(∂0φ)2 + u0u1(∂0φ∂1φ + ∂1φ∂0φ)+
− (∂1φ)2−m2φ2
]
. (40)
5Scalar, one dimensional and massive field, similarly to the
tachyonic case (Eq. 24), can be expressed by
φ(x,u) = 1√
2pi
∫
dµ ′(k)(eikxa+(k)+ e−ikxa(k)), (41)
where the invariant measure dµ ′(k) takes now the form
dµ ′(k) = dk0dk1Θ(k0)δ (k2−m2) = dk0dk1
δ (k0−ω ′k)
2ω ′k
,
(42)
and the coefficient ω ′k is given by
ω ′k =
√
k21 +(u0m)2. (43)
(Index ‘prime’ is added to differentiate expressions from
their tachyonic equivalents.)
The operator φ , with the measure dµ ′(k) (Eq. 42), can be
written as
φ(x,u) = 1√
2pi
∫ ∞
−∞
dk1
2ω ′k
(eikxa+(k1,u)+ e−ikxa(k1,u)).
(44)
Contrary to the case of the tachyonic field, we have a full
range of integration because the relation (38) does not lead
to any restrictions for momentum values.
In this section we compare the Casimir energy for massive
field with results from Section III and again we consider only
Casimir effect in prefered frame (u0 = 1).
Hamiltonian of the field in a finite region of length a with
boundary condition (23) can be expressed by
H =
1
2
∫ a
0
dx
[
(∂0φ)2 +(∂1φ)2 +m2φ2
]
. (45)
Fourier decomposition of φ is defined by
φ(x0,x1) = i√
a
∞
∑
n=−∞
sinknx1
2ω ′k
[e−ik0x
0
a+n − eik0x
0
an], (46)
where kn = pin/a. Operators an and a+n fulfill the following
commutation relations:
[an,an′ ] = [a
+
n ,a
+
n′
] = 0, (47)
[an,a
+
n′
] = 2δn,n′ω ′n. (48)
On inserting φ from Eq. (46) and its derivatives into Eq. (45)
we get (after integrating with the respect to x1) the Hamilto-
nian in the form:
H =
∞
∑
n=−∞
1
16 ω
′−2
k (k20 +m2 + k2n)(a+n an + ana+n ) =
=
∞
∑
n=−∞
1
8(a
+
n an + ana
+
n ), (49)
Now, the vacuum energy is given by
E = 〈0|H|0〉= 12
∞
∑
n=−∞
√
k2n +m2, (50)
After the change of the summation limit, we finally obtain
E(a) =
∞
∑
n=1
√(
pin
a
)2
+m2. (51)
Renormalized Casimir energy (a difference between a vacuum
energy in two configurations from Fig.1) takes the form
Ec(a) =
pi
a
( ∞
∑
n=0
√
n2 +λ 2−
∫ ∞
0
√
n2 +λ 2
)
, (52)
where λ = am/pi .
Using the Abel-Plana formula (35) we finaly receive
Ec(a) =−pi
a
∫ ∞
λ
√
n2−λ 2
exp(2pin)− 1dn. (53)
The expression in Eq. (53) is the well known formula, describ-
ing the Casimir effect for massive field (m2 > 0), in standard
procedure of synchronization (See [9, 10]).
Below we present Figs 7-9, which are counterparts of the
Figs 3-5. The Casimir energy as a function of m, the Casimir
energy as a function of a and Casimir force are shown respec-
tively.
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FIG. 7: Casimir energy for massive field as a function of mass m,
corresponding to a = pi .
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FIG. 8: Casimir energy for massive field as a function of the distance
a, corresponding to m = 1.
V. CASIMIR EFFECT FOR TACHYONS IN NONTRIVIAL
TOPOLOGY
In ths section, we again consider the one dimensional,
scalar, tachyonic field in the limited region of length a (Fig. 1).
60.2 0.4 0.6 0.8 1 1.2 1.4 a
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FIG. 9: Casimir force for massive field as a function of the distance
a, corresponding to m = 1.
But now we impose boundary conditions
φ(x0,0) = φ(x0,a), ∂1(x0,0) = ∂1(x0,a), (54)
which describe the identyfication of the boundary points x1 =
0 and x1 = a. In this section we consider Casimir energy in
arbitrary frame which is moving relative to preferred frame
with fourvelocity u.
Taking into account the boundary condition Eq. (54) we ob-
tain the Fourier expression of the operator φ such that
φ(x0,x1) = 1√
a
∑
k2n>(mu0)2
1
2ωk
[
eikxa+n + e
−ikxan
]
, (55)
where kn = 2pin/a. In this case Hamiltonian of tachyonic field
can be expressed as
H =
1
2
∫ a
0
dx
[
(u0)2(∂0φ)2 +(∂1φ)2−m2φ2
]
. (56)
On inserting operator φ from Eq. (55) with its derivatives into
Eq. (56) and integrating with respect to variable x1, we find
H = ∑
k2n>(mu0)2
1
8 ω
−2
k ((u
0k0)2 −m2 + k2n)(a+n an + ana+n ).
(57)
If we calculate vacuum energy as an expectation value of H,
we get
E = 〈0|H|0〉=
= 12 (u
0)−2 ∑
k2n>(mu0)2
(
−u0u1kn +
√
k2n− (u0m)2
)
, (58)
After changing the limits of summation, Eq. (58) can be
written as
E(a,u) = (u0)−2
∞
∑
n=n0
√(
2pin
a
)2
− (mu0)2, (59)
where n0 = [mu0a/2pi ]. (Function [x] gives the smallest inte-
ger greater than or equal to x.)
The renormalized Casimir energy (a difference between
vacuum energy in the two configurations shown in Fig. 2.)
is given by
Ec(a,u) = (u0)−2
×
( ∞
∑
n=n0
√(
2pin/a
)2− (mu0)2− a
2pi
∫ ∞
mu0
dk
√
k2− (mu0)2
)
.
(60)
Introducing parameter λ (u) = amu0/2pi and introducing the
new variable of integration n = ak/2pi we get
Ec(a,u)=
2pi
a(u0)2
( ∞
∑
n=n0
√
n2−λ 2(u)−
∫ ∞
λ
dn
√
n2−λ 2(u)
)
,
(61)
where n0 = [amu0/2pi ] = [λ ]. The expression (61) is equal to
expression (34) multiplied by factor 2(u0)−2. Hence, in the
preferred frame (u0 = 1), energy (61) is two times larger than
energy (34), showed in Figs 3,4. Since the dependence on u0
enters to the expression (61) only through parameter λ and
factor pi/a(u0)2, therefore for other values of u0 (in moving
frame relative to preferred frame) the Casimir energy function
will have the same character, only its horizontal and vertical
scale will change.
VI. COMPARISON OF RESULTS FOR TACHYONIC AND
OTHER FIELDS-CONCLUSIONS
Let us compare the results for tachyonic field (Section III)
with the results obtained for the massive ones (Section IV).
In the case of the massive field m2 > 0 we get monotonic and
differentiable dependence of energy and force (as a functions
of distance). Force is always attractive and smoothly goes to
zero when the distance approaches infinity.
In the tachyonic case the situation is completely different.
Indeed, there is no monotonicity at obtained expressions. En-
ergy as well as force, show quasi-oscillatory behaviour and
change own sign many times. Furthermore, the force is not a
differentiable function of distance. There are some ‘jumps’,
where force goes to infinity.
2·10-64·10-66·10-68·10-6
a, m
-1·10-28
-8·10-29
-6·10-29
-4·10-29
-2·10-29
Ec, J
FIG. 10: Casimir energy for tachyonic and massive fields in preferred
frame.
7Let us compare the behaviour of the Casimir energy as a
function of the length a. The Fig. 10 shows Casimir energy
for the tachyonic and massive fields. This figure is made in
SI units for mass of particle m = 1eV . First (upper) curve
shows Casimir energy for massive field. In this case Casimir
energy decay exponentialy with distance a. Second (lower)
curve shows Casimir energy for the tachyonic field (averaged
over oscillations). As we mentioned previously, in this case
energy behaves like a power function.
For full comparison, we present on the Fig. 11 Casimir
energy for massless field. This figure is made in the same
units as Fig. 10. In case of the one dimensional, massles
field, formula for Casimir energy takes well known form:
Ec(a) =−pi/12a (See [9]).
The behaviour of Casimir energy (averaged over oscilla-
tions) for tachyonic case is more similar to massless field than
to massive field. In both cases (tachyonic and massless) we
have slow decay of the Casimir Energy with distance a. Con-
trary, in case of massive field, Casimir energy decay fast (ex-
ponentialy) with distance a.
2·10-64·10-66·10-68·10-6
a, m
-8·10-21
-6·10-21
-4·10-21
-2·10-21
Ec, J
FIG. 11: Casimir energy for massles field in preferred frame.
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